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7C:	Partial	Fractions	
Consider	the	integral			∫ 𝟏

𝒙𝟐#𝟓𝒙#𝟔
𝒅𝒙	

We	can	quickly	see	that	u-substitution	doesn’t	work,	and	trigonometric	substitution	will	get	quite	
messy.		However,	notice	that	𝑥& + 5𝑥 + 6 = (𝑥 + 2)(𝑥 + 3),	and	furthermore	

N
1

𝑥& + 5𝑥 + 6
𝑑𝑥 = N

1
(𝑥 + 2)(𝑥 + 3)

𝑑𝑥 = NQ
1

𝑥 + 2
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1
𝑥 + 3S

𝑑𝑥	

By	breaking	the	denominator	up	into	factors,	we	get	a	sum	that	we	can	evaluate:	

N Q
1

𝑥 + 2
−

1
𝑥 + 3S

𝑑𝑥 = N
1

𝑥 + 2
𝑑𝑥 − N

1
𝑥 + 3

𝑑𝑥 = ln|𝑥 + 2| − ln|𝑥 + 3| + 𝑐	

We	call	this	technique	of	breaking	a	fraction	up	into	a	sum	of	fractions,	“Partial	Fraction	Decomposition”,	
and	the	partial	fractions	in	this	example	are	 '

(#&
	and	 '

(#)
.	

So,	how	do	we	find	these	two	partial	fractions?		Let’s	try	another	integral.	

Example:	Evaluate	the	integral	

N
𝑥 + 20

𝑥& + 11𝑥 + 18
𝑑𝑥	

• Step	1:	Factor	Denominator:		 	 	 	 (#&*
("#''(#'+

= (#&*
((#&)((#'')

	

• Step	2:	Set	up	Partial	Fractions		
			with	generic	Denominators			 	 	 (#&*

((#&)((#'')
= .

(#&
+ /

(#''
	

	
• Step	3:	Work	“Backwards”	to	solve	for	numerators				 	

(#&*
((#&)((#'')

= .
(#&

+ /
(#''

= .((#'')
((#&)((#'')

+ /((#&)
((#'')((#&)

= .((#'')#/((#&)
((#&)((#'')

		

		 	 	 so…		 	 	 	
𝑥 + 20 = 𝐴(𝑥 + 11) + 𝐵(𝑥 + 2)	
𝑥 + 20 = 𝐴𝑥 + 11𝐴 + 𝐵𝑥 + 2𝐵	
1𝑥 + 20 = (𝐴 + 𝐵)𝑥 + (11𝐴 + 2𝐵)	
1 = 𝐴 + 𝐵		, 𝑎𝑛𝑑		20 = 11𝐴 + 2𝐵	

Solve	this	system	of	equations	to	get		

h 2 = 2𝐴 + 2𝐵
20 = 11𝐴 + 2𝐵 → 18 = 9𝐴	 → 2 = 𝐴,−1 = 𝐵		

• Step	4:	Rewrite	integral	and	evaluate	

N
𝑥 + 20

𝑥& + 11𝑥 + 18
𝑑𝑥 = N

2
𝑥 + 2

−
1

𝑥 + 11
𝑑𝑥 = 2 ln |𝑥 + 2 | − ln|𝑥 + 11| + 𝐶	



		

Example	2:	Multiple	Linear	Factors.	Evaluate	

N
𝟓𝒙𝟐 + 𝟐𝟎𝒙 + 𝟔
𝒙𝟑 + 𝟐𝒙𝟐 + 𝒙

𝒅𝒙	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
Example	3:	Linear	and	Quadratic	Factors.	Evaluate	

N
𝟐𝒙𝟑 − 𝟒𝒙 − 𝟖

(𝒙𝟐 − 𝒙)(𝒙𝟐 + 𝟒)
𝒅𝒙	

	
	
	
	
	
	
	

	
	

	 	



		

Summary	of	Key	Techniques:	

	
	
Here	are	some	steps	for	solving	the	basic	equation	found	by	the	partial	fraction	decomposition.	
	

	
	

	 	



		

Example	4:	Repeated	Linear	Factors.	Evaluate	

N
𝟓𝒙𝟐 + 𝟐𝟎𝒙 + 𝟔
𝒙𝟑 + 𝟐𝒙 + 𝒙

𝒅𝒙	

	

	

	

	

	

	

	

	


